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ABSTRACT

Student’s t distribution arose, of course, and has huge application, as a
normal-based sampling distribution. In modern times, the ¢ distribution has
also found considerable use as a symmetric heavy-tailed distribution for em-
pirical data modelling. In this the centenary year of Student’s introduction of
the t distribution, this paper constitutes a personal — and sometimes some-
what tangential — tribute to the Student-t family of distributions, by way
of an exploration of some of its close and not-so-close relations. I start with
a brief reminder of the (symmetric) Student-¢ family, with particular focus
on the t distribution on two degrees of freedom which turns out to play an
important role in what follows. The “close relations” of the ¢ distribution in-
clude a number of ‘skew-¢" distributions, of which I shall briefly introduce and
comment on three. The “distant relations” of the ¢ distribution are a further
trio of four-parameter families of distributions allowing control of skewness
and tailweights, with particular emphasis on members of the families with
(t-like) ‘power’ density tails.
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1. INTRODUCTION

This paper appears in the centenary year of Student’s ¢ distribution. In
1908, one of the seminal papers of modern statistics, Student (1908), was
published. In that paper was the first presentation and use of the t distri-
bution. The author, of course, was really W.S. Gosset who published under
the pseudonym ‘Student’ by arrangement with his employers, the Guinness
brewing company in Dublin, and it is this pseudonym that has remained at-
tached to the name of the distribution ever since. Gosset actually studied the
distribution of the scaled statistic z = t//n — 1 (where n is the sample size);
in correspondence with Gosset and in his early papers, R.A. Fisher shifted
the focus from z to ¢, “but the choice of the letter “t” to denote the new form
was due to “Student”” (Eisenhart, 1979). I am not a historian of statistics,
so I will say little more on the history of the ¢ distribution. Because of the
centenary, other journals have published historical accounts, two excellent
ones already published at the time of writing being Hanley et al. (2008) and
Zabell (2008).

The t distribution was introduced, of course, as a normal-based sampling
distribution (for the standardised sample mean) and it is in that, or closely
related, guises that it has, necessarily, seen a very large part of its use and
application over the years. However, beside its ubiquitous role as a sampling
distribution, in recent years the ¢ distribution — along with many members
of its extended family — has also been much used as a purely empirical,
heavy-tailed, model for data. Recall that the density of the t distribution
on v > 0 degrees of freedom is proportional to (v + 22)~#+1)/2 and that this
decreases to zero like |z|~**V as |z| — oco. It is these heavy, ‘power’, density
tails, that are the key to the burgeoning popularity of the ¢ distribution in
this sense.

My tribute to the Student-¢ distribution on its centenary is this explo-
ration of the ¢ family and, in particular, of some of their close and distant
relations which are (potentially) useful for empirical statistical modelling. I
apologise if, in so doing, the paper later develops too much into a review of
some of my own recent work.

N.B. I will remain with the univariate case — which is wider than it
sounds because it covers e.g. response distributions in regression — through-
out this paper although, of course, there is also much to be said about mul-
tivariate ¢ distributions (e.g. Kotz and Nadarajah, 2004). In fact, the world
that the ¢ family and virtually all their relations in this paper inhabit is the



whole real line, R.

2. THE ¢t FAMILY

Mr Normal and Miss Chi-Square were married in 1908 (by Mr Gosset) and,
later, changed their family name to “Student-t”.

“Marriage” here means division (of independent random variables) or
scale-mixing in mathematical/statistical terms! Also, we have already seen
that “Student-t” was not their first choice of family name.

They had many children, so many that they are mostly referred to by num-
bers, ti, ts, ..., t,, etc.

I'm not really sure whether Normal and Chi-square were very good par-
ents. They referred to their numbered children as degrees of freedom which
I assume referred to the amount of freedom they were losing by having such
a large family!

In fact, the first of these children, t;, was much older than the others, an
adopted child who more usually went by his earlier name, Cauchy.

Actually Cauchy was already aged 55 when Normal and Chi-Square got
married. By this I mean that A.L. Cauchy had written much about the ¢;
distribution in 1853. There again, it seems that ¢; might have been called
Poisson who wrote about the “Cauchy distribution” in 1824 (some 84 years
before the marriage). See Stigler (1974).

Now, while most statisticians think of Cauchy as the ‘nicest’ of the ¢
family children — in the sense of mathematical tractability — I'd like to put
in a word for his little sister, to. She has the most delightfully simple density
function,

ga() = (242772,

distribution function

and quantile function



The shape of her density is very attractive, inheriting symmetry from her fa-
ther Normal but displaying tailweights more like those of her brother Cauchy.
See Jones (2002) for further details on the ¢, distribution, including her por-
trait!

For much more on the distribution theory of the Student-t family, see,
for example, Chapter 28 of Johnson et al. (1994). There is also a non-
trivial story to be told regarding inferential issues if the degrees of freedom
parameter is to be estimated from data (in addition to location and scale
parameters). However, here I will proceed to looking at other members of
the extended t family and then at yet others who seem to have pretensions
to joining the extended family.

3. SOME SKEW-t FAMILIES

Now, the Student-t family are a pretty old-fashioned, straight-laced, bunch
who all follow the path of symmetry. But they have many cousins who have
renounced symmetry and, daringly, have embraced the religion of skewness.

They call themselves the skew-t’s.

I shan’t list every skew-t distribution that’s in the literature here, but
concentrate briefly on three of them, each associated with a general approach
to skewing symmetric distributions.

3.1. The ‘Azzalini’ skew-t distributions

The Italian branch of the skew-¢ family has become the most well known
as they run a whole global industry devoted to their approach. This has its
genesis in Azzalini (1985). These skew-t distributions are part of an attractive
method of generating skewed distributions from symmetric: set

f(z;A) =29(x)G(A\x), ANeER, (3.1)

where g and G are the density and distribution functions, respectively, of
a symmetric distribution. This most famously provides a skew-normal dis-
tribution when ¢ is the standard normal density ¢. The parameter A con-
trols skewness, positive (negative) A leading to positive (negative) skewness,
f(z;=A) = f(=x;)\) and XA = 0 corresponding to symmetric density g. Nu-
merous extensions exist, replacing G(Az) in (3.1) by a host of other skewing
functions.



In the skew-t case, probably the nicest version of this — which arises from
the marriage of a Mr Skew-Normal to another of the Chi-Square sisters (i.e.
scale-mixing the skew-normal) — has density

(230, 0) = 29,(2)Gy (Aﬁ) , (3.2)

where g, and G, are the density and distribution functions, respectively, of
the ¢, distribution and A, = A/ + 1 (Branco and Dey, 2001, Azzalini and
Capitanio, 2003). Of course, this is itself a variation on the theme of (3.1).

Here, I will make just a couple of brief notes of important properties for
comparison with other skew-t distributions in this section:

e the most (positive) skew limit of (3.2) (as A\ — o0) is the half-¢ distribu-
tion; (3.1.1)
e the left- and right-hand density tails of (3.2) both go as x|~ +1. (3.1.ii)

Re (3.1.i), I guess the half-t family arose from divorce, remarriage and fur-
ther offspring of a member of the ¢ family! More seriously, concerning (3.1.ii),
observe that the tailweights of this skew-t distribution are the same as those
of the symmetric Student-t distribution. This seems to me to be an extra,
unheralded, advantage of formulation (3.2) over a more naive skew-¢ distri-
bution based directly on (3.1) (or, indeed, the skew-normal distribution); in
(3.1), the skewness parameter conflates its skewing role with alteration of the
weight of one of the two tails in a way that is not well understood.

For entry into the vast literature in this area, see, for example, Genton
(2004), Arellano-Valle and Azzalini (2006), Azzalini and Genton (2008), etc.,
etc., etc. However, if we can escape the clutches of the skew-t ‘Statia’, we
will find that there are plenty of alternative skew-t families out there as well.

3.2. The ‘two-piece’ skew-t distributions

An alternative branch of the skew-t family comprises ‘two-piece’ distri-
butions made up of differently scaled halves of a symmetric distribution. In
general, one might write

flain) = 1o lota)l(@ < 0) + g/ )T 2 00}, >0, (33)

although various equivalent parametrisations exist (see Jones, 2006a, and
references therein). The parameter v controls skewness, v > (<) 1 leading to
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positive (negative) skewness, f(z;1/v) = f(—x;7v) and v = 1 corresponding
to symmetric density g. The skew-¢ version of (3.3), corresponding to g = t,,
and denoted f(z;v,~y) below, has been nicely treated by Ferndndez and Steel
(1998).

For comparison with (3.1.i) and (3.1.ii) we have:

e the most (positive) skew limit of (3.3) with g = ¢, (as 7 — o0) is the half-¢

distribution; (3.2.1)
e the left- and right-hand density tails of (3.3) with ¢ = ¢, both go as
|| =D, (3.2.ii)

These are, of course, essentially identical with (3.1.1) and (3.1.ii).

Indeed, the considerable correspondence between (3.2) and (3.3) with
g = t,, which I shall now write as k, (v + 22)~"*1/2_ does not seem to have
been noted before (partly because there is no such similar correspondence
between (3.1) and (3.3) in general). In particular, since the skewness param-
eter, v, in the two-piece skew-t distribution can be interpreted in terms of
the ratio of what can be thought of as separate left- and right-hand scale
parameters, a similar interpretation can be provided (for the first time) for
skew-t distribution (3.2): comparing the ratio of the values of

. . Qky(l - Ty,)\) . . QkyTV,A
xl—l>r—Iloof(x7y7)\): w and mh_)rgof(x7y>)\>: 2w+’
where T}, x = T,,41()\,), with the ratio of the values of
2k, 2k, VT2
A @) T+ 2)yfafer ¢ 2T Flav) (14 ~2)a=
yields

N T, 1/{2(v+1)} . 1 - ,y2(y+1)
T\ T V41 VT 2 )

This match-up yields identical tail behaviour for the two skew-¢ distributions.
The skew-t families in Sections 3.1 and 3.2 seem to have more genetic
material in common than they realised!



3.3. The Jones and Faddy skew-t distribution

There is also a small Welsh branch of the skew-¢ family (Jones, not Faddy)
currently living over the border in England. (Unfortunately, I'm not a native
Welsh speaker, but it seems the appropriate Welsh name for this family
might be “lletbai-t”. Pronunciation of the Welsh “11” is, according to all the
websites, a difficult one to describe. Here’s one effort: “The tongue is held
in the 1 position and breath is forced out between the side of the tongue and
the upper teeth”. Good luck!) Anyway, Jones and Faddy (2003) introduced
the skew-t family with density

1
B(a,b)29t=1\/a + b

fz;a,0) =

. at1/2 . b+1/2
X (1 + —) (1 — 7) ,
va-+b+ a2 va-+b+ x?

a,b > 0. Here, B(:,-) is the beta function. Note that the Student-¢ dis-
tributions are retrieved whenever a = b (although the parametrisation here
is such that the degrees of freedom are then 2a). Otherwise, a > (<) b
corresponds to positive (negative) skewness. This, too, arises as part of a
general methodology for skewing symmetric distributions but I’ll leave that
until Section 4.1.

For better or for worse, this skew-t distribution behaves rather differently
from those in Sections 3.1 and 3.2. In particular, this is clear in the following
observations:

(3.4)

e the most (positive) skew limit of (3.4) (as a — 00) is an extreme-value-type
distribution (actually the distribution of the reciprocal of the square-root of a

gamma random variable with shape parameter b); (3.3.1)
e the left- and right-hand density tails of (3.4) go as |z|~**) and ~(2+1),
respectively. (3.3.ii)

What I'd like to stress here is the different way in which skewness is
controlled in (3.4) compared with (3.2) or (3.3). All three skew-t families
necessarily have two shape parameters and at least one of them controls tail-
weight in the sense of being the power in a power tail. In (3.2) and (3.3) there
is just one such parameter yielding the same power in each tail; skewness is
introduced/controlled by different scales in each tail. In contrast, in (3.4)
there is no differential scale parameter, but separate left- and right- power
tail parameters, skewness arising through differences between such tailweight
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parameters. The same consideration, of ‘pure tail’ versus ‘relative scale’ pa-
rameters, permeates what follows in Section 4.

4. SOME GENERAL FAMILIES

In this section, I will leave the (already broad) t/skew-t family temporar-
ily to one side and take a look at some other aspirants to joining the extended
t family. In particular, I will look at three alternative families of distributions
for continuous univariate data on R, power-tailed versions of which will be
prime candidates for joining the extended ¢ family. T will (for most of this
section) continue to be concerned with models involving four parameters:
location, pu, scale, o, and two shape parameters, a and b, say, accounting for
skewness and tailweight in some way. The models, therefore, like the skew-t’s
in empirical work, are all of the form o~ f(o~'(x — p); a,b) where the invis-
ible ingredient, along with the visible a and b, is again a simple symmetric
‘generating’ distribution G with density ¢, here with no further unspecified
parameters. (Here and earlier, for distribution theory work concerning shape
parameters, we can set u =0, o0 = 1.)

4.1. Generalised distribution of order statistics

The two frames of Figure 1 of Jones (2004) show a logistic density in the
role of g and firstly n = 5 and secondly n = 35 other densities generated
from g. These densities are the (marginal) densities associated with the n
order statistics of g. They exhibit varying amounts of skewness, the greatest
amounts being in the distributions of the most extreme order statistics, and,
to some extent, variation in tailweight; other symmetric distributions arise
as the distributions of sample medians from g.

However, why choose n = 5 or n = 357 Why choose n integer? Why stick
with integer values 1, 2, ..., n for the order statistics; why not 1.5, or 27.3, or
...7 Indeed, why choose one value of n, why not include all n together? The
answer is clear (“because you have to”!) if you are considering genuine order
statistics of a sample, in which case the density of the ith order statistic from
a sample of size n from G is

9(z)G(x)" (1 - G(z))""
B(i,n+1—1i) '



However, if thinking just in terms of providing a family of models for
empirical work, the answer is “you don’t have to”! Replace i and, most
conveniently, n + 1 — ¢ by positive real parameters a and b and you have

g(x)G(x)* (1 - G(x))"!
fos(z) = B(a,b) ‘

(4.1)

An alternative way of looking at this first general family of distributions is as
the probability integral transformation (PIT) applied to the beta distribution
with parameters a and b; that is, as the distribution of G™'(B) where B ~
Beta(a,b). (The usual PIT involves the Beta(1,1), or uniform, distribution.)
Papers continue to be produced on individual “beta-G” distributions despite
the general treatment given in Jones (2004).

It is worth reminding ourselves of the roles of a and b:

e a controls the left-hand tailweight (as it happens, parametrised here such
that smaller a yields a heavier tail);

e b controls the right-hand tailweight;
e skewness is a spin-off when a # b;
e a = b yields a symmetric subfamily (with a controlling tailweight).

In this case, we also have that a = b = 1 corresponds to f = g.

I have two favourite specific examples of this construction. The first
is the skew-t distribution of Jones and Faddy (2003) described in Section
3.3. It must be, therefore, that when a and b take integer values, these
skew-t distributions arise as the distributions of order statistics from some
distribution ... and that distribution, remarkably, is the ¢ distribution on 2
degrees of freedom! Inter alia, this means that Student-¢ distributions when
v is an even integer are the distributions of the medians of samples of size
v — 1 from the t, distribution. (The ‘beta-t,” viewpoint gives rise to various
interesting transformation relationships for this skew-t¢ distribution, for which
see Jones and Faddy, 2003, p.160.)

My other favourite example is a much older one, the superbly simple
family of distributions that I will call the log F' distribution; it has density

1 e
fL(x) = B(a, b) (1 +6r)a+b‘

(4.2)

Apart from a location shift, this is the distribution of the log of an F' random
variable on {2a, 2b} degrees of freedom. It is, of course, a symmetric distribu-
tion when a = b. This distribution goes back to R.A. Fisher in the 1920s and



has a somewhat intermittent history since then; see Jones (2004, 2008a) for
information and references. The a = b = 1, generating-by-order-statistics,
distribution is the logistic.

The tails of the log F' distribution decay exponentially: fr(x) ~ e as
r — —00, fr(x) ~ e as ¥ — oo. Thus, a still controls the left-hand tail
and b the right-hand tail, and a # b is still responsible for asymmetry. But in
this case a and b are left- and right-scale parameters, not power parameters.
This means that the log F' distribution is rather different from any skew-t
distribution! (Indeed, that is why I try to promote both the Jones and Faddy
skew-t and log F' distributions in Jones, 2004.) Please bear with me for some
time (until Section 5.2) before drawing this family of distributions closer to
the skew-t fold.

4.2. Distributions with simple exponential tails

The reader’s indulgence is begged yet further in this section, as I plough
on, for now, with distributions which have quite different tail behaviour from
that of members of the ¢ family. Indeed, I am going to pursue further the
notion of a general family of distributions, each of which has the same ‘simple
exponential tail” behaviour as the log F' distribution:

f(z) ~e™asx — —oo,  f(z)~e ™ asz— oo.

I call these tails ‘simple’ because there are no powers or other non-identity
functions of x involved either within or without the exponential term.

This simple exponential tail property is shared by at least three ‘well
known’ distributions. One is the log F'. Another is the asymmetric Laplace
distribution (e.g. Kotz, Kozubowski & Podgdrski, 2001); it has density

far(z) = aab exp {azl(x <0) —bxl(x >0)}.

+0b
I think of this as consisting of just the two exponential tails which meet with
a discontinuity in derivative at zero. A third distribution which, like the log
F', incorporates a smooth joining of the exponential tails is the hyperbolic
distribution of Barndorff-Nielsen (1977) with density

fH<x>o<exp{<agb)x_ <a;b) m}
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Here is a general form for a wide family of distributions each with simple
exponential tails. Different members of the family are generated, once more,
by a simple symmetric distribution G where, this time, we also need its
iterated version

GBl(z) = /m G(t)dt.

(This quantity crops up in various places in the literature such as, for exam-
ple, in the mean residual life function of reliability theory.) The general form
for this density is

fspr(z) o exp {az — (a + b)GP (z)} (4.3)

(Jones, 2008b). The key to this construction (and to its exponential tails) is
that G?(z) ~ 0 as * — —o0, G (x) ~ x as x — oo. It is perhaps less clear
that a = b, as usual, results in symmetry (although (4.3) is also available in
an alternative, ‘more symmetric looking’, version).

The asymmetric Laplace, log F' and hyperbolic distributions correspond
to (4.3) with G taken to be the degenerate distribution with point mass at
zero, the logistic distribution ... and the 5 distribution, respectively. So, as
in Section 4.1, the logistic and the ¢, generate the most interesting tractable
families! Numerous other families exist (Jones, 2008b) including the one
based on uniform G which has close links with Huber M-estimation.

Now, the asymmetric Laplace is a three parameter distribution, inclusion
of each of o, a and b leading to non-identifiability. This is not (exactly)
the case for other members of family (4.3). However, the fourth parameter
in (4.3) is indeed redundant in practice (we have a form of practical near-
non-identifiability). In particular, asymptotic correlations between maximum
likelihood estimates of ¢ and either of a and b are very near 1; and I mean
“very near”, correlations typically being greater than 0.99 (Jones, 2008a,b).
The reason is clear: o, a and b are, in the case of simple exponential tails,
all scale parameters, yet only two such parameters are needed to describe
the main scale-related aspects of the distribution. These can either be: (i) a
left- and a right-scale (a and b, ¢ = 1); or (ii) an overall scale and a left-right
comparison parameter (e.g. o and p where a =1 —p, b = p).

Let us continue with the second three-parameterisation just suggested.
Then, the score equation for the third, unmentioned parameter, pu, satisfies

p:%iG(“;Xi). (4.4)
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The right-hand side of (4.4) is nothing other than a kernel estimator of
the distribution function underlying the data X, ..., X,,, using kernel G and
bandwidth ¢ and hence:

Formula (4.4), as an equation defining [i, is precisely the (inversion) kernel
estimator of the pth quantile!

What we have here, then, is a parametric model underlying a kernel quantile
estimator; previously it was known only that maximum likelihood estima-
tion of location in the asymmetric Laplace distribution gives rise to the (un-
smoothed) sample quantile. And, interestingly, an early reference for kernel
quantile estimator (4.4) is none other than Azzalini (1981).

The above has practical consequences, though they are not quite as excit-
ing as one might first hope. First, there is, of course, a second score equation,
for the scale parameter o. This affords a (readily computable) method for
the thorny issue of bandwidth selection for the kernel quantile estimator.
Unfortunately (Jones, 2008b), this works very well only for the median (and
somewhat erratically for other quantiles) when tested in symmetric distribu-
tions. There is a good reason for this: (4.4) is something of a ‘vehicle model’
rather than a true model for the data. For instance, consider estimating the
0.95 quantile. Then, distribution (4.4) will be strongly negatively skewed
(decided by the value of p) even if the data exhibit strong positive skewness!

Second, utilisation of (4.4) gives rise to a (slightly) more principled and
less ad hoc version of the double kernel local linear method for nonparametric
quantile regression (DKLLQR) of Yu and Jones (1998). It turns out to afford
a consistently (if not always greatly) improved version of DKLLQR that we
recommend as a replacement for the original (Jones and Yu, 2007). Again,
this approach helps only a little with bandwidth selection.

4.8. Sinh-arcsinh distributions

These distributions are based on a specific two-parameter transformation
of a random variable W, say, which has distribution G:

W = S,4(X) = sinh(a + bsinh ™' (X)), (4.5)

a € R, b > 0. Icall this the sinh-arcsinh transformation. It gives rise to the
sinh-arcsinh family of distributions for X with density

1+ Sib(x)

fsas(x) =0 T2

g(Sa,b(x))' (46)
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(Note that y/1+ S2,(z) = cosh(a + bsinh™!(z)).) In particular, in our work

we have focussed on the normal-based special case, g = ¢, in (4.6). This
family exhibits considerable tractability and practicability; see Jones and
Pewsey (2008) for the full and original description of this work.

The big ‘selling point” here is that the sinh-arcsinh family accommodates
both heavier and lighter tails than the normal (or, more generally, ¢g). This
allows likelihood ratio testing of normality against alternatives with (possible
asymmetry and) both types of tail behaviour (see Jones and Pewsey, 2008,
where testing for symmetry is also studied). This normality test is very
successful as a general tool, proving to be more powerful in most cases than
competing omnibus tests of normality.

Let us consider the symmetric subfamily of (4.6) with g = ¢ briefly;
this corresponds to a = 0. Then, b = 1 gives the normal distribution;
small b > 0 gives heavier tailed distributions with something akin to what
are sometimes called ‘semi-heavy’ tails (fsas(|z|) ~ |z|°~!exp(—|z|?*) as
|z| — 00); and large b gives lighter tailed distributions dominated by their
somewhat ‘uniform-like” main bodies.

Especially appealing is the following behaviour when a = 0 (Jones and
Pewsey, 2008, Section 3.3). Asymptotically, when b is small, fs45 behaves
like Johnson’s (1949) Sy density, which is the distribution of X = sinh(Z/b)
where Z is a standard normal random variable; as b — 00, fsas behaves
like a special case of Rieck and Nedelman’s (1991) sinh-normal density, the
distribution of X = sinh™!(Z). The sinh-arcsinh transformation allows a
‘seamless’ transition from heavy-tailed, essentially Sy, distributions to light-
tailed, essentially sinh-normal, distributions via the normal, all controlled by
the single parameter b. And the sinh-arcsinh distributions are all unimodal,
automatically excluding the very lightest-tailed, bimodal, sinh-normal distri-
butions.

Another interesting subclass of (4.6) with g = ¢ corresponds to b = 1,
a # 0. These are truly skew-normal distributions in the sense of being
skew and having normal tails, as is also the case with two-piece normal
distributions but not Azzalini’s (1985) skew-normal distribution. The alert
reader will have noticed that a and b are not both tail parameters here, but
there is an alternative (similarly behaving but slightly less tractable) version
of the sinh-arcsinh transformation in which they are.

13



5. WHO CAN JOIN THE EXTENDED ¢t FAMILY?

So, how many members of the other wide families of distributions that
I've described in Section 4 are really members of the extended (skew-)¢ family,
in the sense of allowing skewness and having power tails to their densities?

5.1. Which generalised distributions of order statistics?

Any family of the form (4.1) will have power tails if the generating dis-
tribution G itself has power tails. Of course, the Jones and Faddy (2003)
skew-t distribution with density (3.4) is (already!) a member of the extended
t family but there are other aspirants like the family based on Cauchy g. But
the link with ¢ means that the Jones and Faddy family is much the nicest
(i.e. most tractable).

5.2. Which distributions with simple exponential tails?

None, of course!

However, one can transform distributions of the form (4.3) to have power
tails. Let £ follow (4.3). Then any transformation of £ whose absolute value
increases exponentially as x — oo will do the trick. Probably the neatest,
but not the only, example is the following version of the sinh transformation:
X = sinh(£/2). (For brief consideration of X = sinh(F) — which is a
particular sinh-arcsinh transformation of the above! — see Section 7.2 of
Jones, 2006b.) This results in a family of densities of the form

f (2) (x+\/1+x2)2a
TSET\T) X m

The tails of these densities go as |z|(
T — 00.

Again, the most immediate special case of this construction is the Jones
and Faddy skew-t distribution! (But there are many others.) This arises
because of the fundamental link between the logistic and ¢, distributions
(buried in Section 6.2 of Jones, 2004) that drives the conspicuous presence
of t, in so much of the above:

exp {—(a + b)G?(2sinh ' (z))} .

20+1) a9 1 — —o00 and @D a9

If L ~ logistic and Ty ~ t5, then the two are connected by the sinh transfor-
mation

Ty, = V/2sinh(L/2).
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5.3. Which sinh-arcsinh distributions?

The answer is essentially the same as in Section 5.1: any family of the
form (4.6) will have power tails if the generating distribution G itself has
power tails. There is a nice example based on g being the ¢, distribution.
But there’s also one based on the Cauchy which, for once, is possibly nicer;
its density is given by

fola) = b

V1422, /1452, () '

6. CONCLUSIONS

I hope you have enjoyed this rapid tour of the extended (and growing!)
family of ¢-related distributions, some important points for the present and
future being;:

e the Student-¢ distribution can itself be, and is, used as a symmetric empir-
ical model for heavy-tailed data;

e there are many ways of producing four-parameter distributions of skew-t
type, particularly if one allows further broadening to include power tails in
general. Production of new families is the easy bit; much more attention
needs to be paid to the comparative advantages and disadvantages of each,
and to determining the most useful such families;

e there remain a lot of inferential challenges (which have mostly only been
taken up at all as yet in the context of the ‘Azzalini’ skew-¢ family);

and last, but not least,

e four-parameter families of distributions like these should have a much more
central role in statistics. This is because they provide automatic robustness
to both heavy tails and skewness while retaining the benefits of parsimony; in
the memorable phrase of my colleague Frank Critchley, they are “as flexible
as is estimable”. (One caveat: I've been considering unimodal distributions
throughout, multimodality generally requiring mixtures of appropriate uni-
modal components.)

I wonder what Gosset would have made of the use of the ¢ distribution as
an empirical model some way from its Gaussian roots, and of the globalisation
of the extended (skew-)t family at least by theorists if not as yet quite as
widely by practitioners.
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